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Abstract
In this study waves propagating in a diatomic linear viscoelastic periodic system are investigated with the aim of understanding the
operative range of some commonly adopted rheological models. Dispersion laws of a diatomic viscoelastic periodic system under
prescribed harmonic motion, i.e. real angular frequency and complex wavenumber (wavenumber and attenuation), are derived. It
is shown that such relations can be easily obtained from the linear elastic counterpart in force of the correspondence principle.
The complex band structures and energy velocity for the one-dimensional diatomic periodic chains are computed considering
both the Kelvin Voigt and the Standard Linear Solid models. It is proven that unusual dispersive behaviors already observed
by other researchers when using the Kelvin Voigt model, such as wavenumber-gaps and strong band shifting, are only caused
by its nonphysical rigid behavior at high frequencies, since they disappear once the Standard Linear Solid model is adopted.
The comparison between the energy velocity of the Kelvin Voigt and Standard Linear Solid discrete systems provides a further
conﬁrmation of these ﬁndings.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientiﬁc Committee of 2015 ICU Metz.
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1. Introduction
One-dimensional (1-D) monoatomic and diatomic mass-spring chains are largely used to study wave propagation
in linear elastic periodic systems (see e.g. the work by Hussein et al. (2014), but only few studies have considered the
eﬀect of linear viscoelastic rheological models on the chains response (Wang et al., 2008; Hussein, 2009; Hussein and
Frazier, 2010; Farzbod and Leamy, 2011). Linear viscoelasticity is often used to allow the materials to possess some
kind of material damping. By doing so, dissipation and loss of energy by various microscopic mechanisms within the
material can take place and as a consequence, waves propagating within the structure generally present attenuation
and decay of their amplitude as they propagate. In addition, with respect to periodic structures, material damping
modeled via the introduction of constitutive linear viscoelasticity modiﬁes the system dispersive relations.
It has been shown in the above works, in fact, that when viscoelasticity is considered the dispersion relations shown
some unusual aspects as wavenumber-gaps for monoatomic mass-spring chains and branchovertaking for diatomic
systems. Such behaviors have not been elucidated yet and to these authors deserve some attention. At such, the
authors have recently investigated the existence of the wavenumber-gap in monomaterial mass-spring chains for a
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Fig. 1. (a) diatomic chain; (b) unit cell.
Kelvin Voigt and a Standard Linear Solid viscoelastic model (Palermo and Marzani, 2015). It was found that the
existance of the wavenumber-gap was limited to the Kelvin Voigt model only and was due to its inability to model
high frequency waves.
In this work the outcomes of such work (Palermo and Marzani, 2015) are extended to 1-D diatomic mass-spring
chains. The eﬀect of dissipation on wave dispersion and wave propagation velocities of viscoelastic discrete structures
is analysed with the aim of discriminate the dispersive/dissipative eﬀects induced by the speciﬁc viscoelstic model to
those related to the discrete periodic nature of the system. In particular, dispersion laws and propagation velocities
are formulated and their results, including uncommon dispersive eﬀects (i.e. wavenumber-gaps) for the Kelvin Voigt
model, discussed.
2. Dispersion relations and phonon energy velocity
In this section the dispersion relations of a diatomic linear viscoelastic mass-spring chain (see Fig. 1(a)) are derived
using the general approach of the Bloch Analysis valid for any 1D, 2D or 3D periodic structure. The springs have
complex stiﬀnesses k˜a(ω) and k˜b(ω) and masses ma and mb, respectively, whereas a is the inter-mass distance.
For the unit cell considered in Fig. 1(b) the dynamic equilibrium equations read:
Mq¨ + K˜q = F (1)
where:
q =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ub
ua,l
ua,r
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ q¨ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
u¨b
¨ua,l
¨ua,r
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ F =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0
Fa,l
Fa,r
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ M =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
mb 0 0
0 ma2 0
0 0 ma2
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ K˜ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
k˜b + k˜a −k˜b −k˜a
−k˜b k˜b 0
−k˜a 0 k˜a
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (2)
being q the vector of nodal displacements, q¨ the vector of nodal accelerations, F the vector of nodal forces exerted
by the neighboring cells on the analysed unit cell, M the unit cell mass matrix and K˜ the unit cell complex stiﬀness
matrix. Bloch analysis is applied to the unit cell considered as an element of a periodic diatomic chain of inﬁnite
length. In particular, reference is made to the approach and formalism used by Farzbod and Leamy (2009) for the
analysis of linear elastic periodic structures and then extended by Farzbod and Leamy (2011) for periodic structures
with energy dissipation.
In this approach, a minimal set of displacements qˆ = [qi qeb]T , where the internal nodes qi and the essential
boundary displacements qeb of the unit cell are collected, is deﬁned so that q = Tqˆ, where T is a translational operator
deﬁned according to the Bloch conditions. For the considered case they read:
qˆ =
[
ub
ua,l
]
T =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0
0 1
0 x
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ TT =
[
1 0 0
0 1 1x
]
(3)
where x = eiξd, ξ is the wavenumber, d = 2a unit cell length, and T andTT the push forward and pull-back translational
operators, respectively. With reference to the operator TT , Farzbod and Leamy (2009) have shown that the equilibrium
condition of the unit cell implies TTF = 0. It follows that, in force eqs. (1) and (3), and imposing a time harmonic
solution, the characteristic equation of the periodic diatomic chain can be written as:
[−ω2TTMT + TT K˜T]qˆ = 0 (4)
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It is worth underlining that for an energy dissipative structure the stiﬀness matrix K˜ has complex terms, which
typically depends on ω (i.e. k˜a,b = k˜a,b(ω)). It follows that roots of eq. (4) cannot be found solving an ω =ω(ξ)
problem but only solving a ξ=ξ(ω) problem, i.e. seeking for complex wavenumbers ξ as a function of real frequency
ω. This procedure, presented by Farzbod and Leamy (2011) for 1D periodic Kelvin Voigt mass-spring chains holds for
any linear viscoelastic model in force of the correspondence principle. The equilibrium equation (4) can be rearranged
as a quadratic eigenvalue problem in x:
[x2A + xB + AT ]qˆ = 0 (5)
being:
A =
[
0 −k˜a
0 0
]
B = −ω2
[
mb 0
0 ma
]
+
[
k˜b + k˜a −k˜b
−k˜b k˜b + k˜a
]
(6)
Once the roots of the eigenvalue problem in eq. (5) are computed, the real part ξr and the imaginary part ξi of the
complex wavenumbers can be obtained as:
ξr =
1
d
arctan
Im(x)
Re(x)
ξi = − ln |x|d (7)
Along with the dispersion curves, the propagation velocity of phonons provides a further insight on the behavior
of linear viscoelastic chains (Palermo and Marzani, 2015). For dissipative systems, the velocity of propagation is
represented by the energy velocity ve, that for the diatomic chain can be evaluated as ve = d〈p〉/〈E〉, where 〈p〉 is the
time averaged power ﬂow, and 〈E〉 the time averaged total energy density. After some algebra a modal like formula
for the energy velocity, that holds for any linear viscoelastic rheological model, is obtained:
ve(ω) =
Re(ωqˆT ( ∂T
T
∂ξr
K˜T − ω2 ∂TT
∂ξr
MT)qˆ)
1
2ω
2qˆTTTMTqˆ + 12 qˆ
TTTRe(K˜)Tqˆ
(8)
It can be shown that the above formula reduces to the group velocity vg = ∂ω/∂ξr information when damping is
neglected, as in the case of purely linear elastic chains. In particular, following the approach in (Bartoli et al., 2006) a
modal formula for the group velocity can also be obtained as:
vg(ω) =
qˆT ( ∂T
T
∂ξr
KT + TTK ∂T
∂ξr
)qˆ − ω2qˆT ( ∂TT
∂ξr
MT + TTM ∂T
∂ξr
)qˆ
2ωqˆTTTMTqˆ
(9)
The above velocity relations hold for any discrete-periodic structure with mass matrix M and stiﬀness matrix K˜ with
coeﬃcients independent from ξr (see e.g. monomaterial or bimaterial mass spring chain).
3. Numerical application
In this numerical application dispersion curves and waves velocities for a linear elastic (LE), a Kelvin Voigt (KV)
and a Standard Linear Solid (SLS) diatomic mass-spring chains are computed. The three chains have an identical
mass matrix M and diﬀerent stiﬀness matrices K˜ characterized by stiﬀness coeﬃcients k˜ deﬁned according to each
considered rheological model:
k˜LEa,b = k k˜
KV
a,b = k − iωη k˜S LSa,b = kR
(
1 − iτeω
1 − iτsω
)
(10)
where η is the viscosity, kR(ω = 0) is the relaxed stiﬀness, kU = kR(τe/τs), whereas τe and τs the relaxation times.
Considering the mechanical parameters given in Table 1, and a unit cell length d = 2a = 0.2m, Fig. 2 (a) and (b)
show the dispersion relations ξr(ω) and ξi(ω), respectively, for the three diﬀerent chains. In addition, Fig. 3 (a) and
(b) show the energy and group velocity, respectively, for the considered chains, computed via the above formulas.
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Fig. 2. Dispersion curves in terms of the real (a) and imaginary (b) wavenumber components for the LE, KV and SLS diatomic chains. Mechanical
properties are given in Table 1 whereas the unit cell length d = 2a = 0.2m.
4. Discussion
The propagation of waves in a diatomic linear viscoelastic periodic system have been investigated to understand
the inﬂuence of some commonly adopted rheological models, namely the Kelvin Voigt and the Standard Linear Solid
model.
As observed in previous works (e.g. Farzbod and Leamy (2011)), the introduction of dissipation can substantially
inﬂuence the dispersion characteristics of the diatomic chain. In particular, by comparing the LE dispersion relation
with those of the dissipative systems, a reduction in the band gap (BG) extension is observed with a downward shifting
of the optical branch and an upward shifting of the acoustic branch (cf. Fig. 2 (a)). However this shift does not
correspond to a reduction in the attenuation of the waves (cf. Fig. 2 (b)) meaning that the nature of the wave changes
from perfectly evanescent waves for LE diatomic chain to strongly attenuated harmonic waves in the dissipative
systems. It is shown that the presence of mechanical dissipation reduces the ban gap width for the diatomic chains
and does not allow the existence of Irreducible Brillouin Zone (IBZ) boundary modes with wavenumber ξr2a/π = 1,
i.e. of wavelength λ = 4a, for which only the lighter (high energy mode) or only the heavier (low energy mode)
masses move.
As regards to the speciﬁc behavior of the two dissipative rheological models, in the HF regime the KV dispersion
relation shows an unusual strong bending of the curve, as shown in the inset Fig. 2 (a), that is not present in the
dispersion curve of the SLS chain. Indeed, this feature of the KV dispersion curve is not a physically-based result but
Table 1. Mechanical parameters of the LE, KV and SLS linear viscoelastic models.
Rheological model ma [kg] mb [kg] k [N/m] η [N · s/m]
LE 2.5 5.0 5 0.2
KV 2.5 5.0 5 0.2
SLS 2.5 5.0 kU = 10, kR = 5 0.2
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Fig. 3. (a) Energy velocity and (b) group velocity of the LE, KV and SLS diatomic chains. Mechanical properties are given in Table 1 whereas the
unit cell length d = 2a = 0.2m.
the consequence of the rigid behavior in the HF regime of the rheological model. A similar result has been obtained
for the KV monoatomic chain by Palermo and Marzani (2015).
Further evidence of these ﬁndings have been provided by the evaluation of the energy velocity of the diatomic
chain that shows an ”artiﬁcial” residual value in the high frequency regime when the Kelvin Voigt model is adopted.
The KV diatomic chain, in fact, shows shows a residual energy velocity ve/2a = 8η/ma along the optical branch
related to the rigid behavior of the rheological model in the HF regime. On the contrary, the residual energy velocity
disappears for the SLS model and the zero energy ﬂux condition of the LE model is obtained.
In addition, the group velocity information is also represented. It can be observed that the group velocity coincides
with the energy velocity for the LE model, see Fig. 3(a) and Fig. 3(b), while is quite diﬀerent for the KV and SLS
cases. In particular it becomes unstable for both modes while approaching the edge of the IBZ and it is unstable for
the optical mode for close to zero wavenumber ξr as expected from Fig. 2(a).
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